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06 Volume preserving mean curvature flow in the
Hyperbolic space
Esther Cabezas-Rivas and Vicente Miquel
Abstract
We prove: “IfM is a compact hypersurface of the hyperbolic space, con-
vex by horospheres and evolving by the volume preserving mean curvature
flow, then it flows for all time, convexity by horospheres is preserved and the
flow converges, exponentially, to a geodesic sphere”. In addition, we show
that the same conclusions about long time existence and convergence hold if
M is not convex by horospheres but it is close enough to a geodesic sphere.
1 Introduction and Main Results
Given an immersion X : M −→ M of a compact n-dimensional manifold M
into a (n + 1)-dimensional Riemannian manifold M , the mean curvature flow of
X is the solution of the partial differential equation
∂Xt
∂t
= −HtNt, with the initial condition X0 = X, (1.1)
where Nt is the outward unit normal vector of the immersion Xt and Ht is the
trace of the Weingarten map L−Nt = −LNt of Xt associated to −Nt (then, Ht is
n times the usual mean curvature with the sign which makes positive the mean
curvature of a round sphere in Rn+1). From now on, by Mt we shall denote both
the immersion Xt : M −→ M and the image Xt(M), as well as the Riemannian
manifold (M,gt) with the metric gt induced by the immersion. The n-volume of
Mt (from now on called area of Mt) decreases along this flow, but no geometric
invariant is preserved along it.
A related flow is the volume preserving mean curvature flow, which is defined
as a solution of the equation
∂Xt
∂t
= (H t −Ht) Nt, (1.2)
where Ht is the averaged mean curvature
Ht =
∫
Mt
Htdvgt∫
Mt
dvgt
, (1.3)
1
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being dvgt the volume element on Mt. This flow also decreases the area of Mt,
but preserves the volume of the domain Ωt enclosed by Mt (when such Ωt exists).
In [16], G. Huisken proved that, whenM is the Euclidean space Rn+1 andM0
is strictly convex, then (1.1) has a maximal solution on a finite time interval [0, T [
and Mt converges to a point as t → T . Moreover, after appropriate rescaling of
Xt and t, Mt converges to a round sphere. In [17], he extended this result to
compact hypersufaces in general Riemannian manifolds (with suitable bounds on
curvature).
The flow (1.2) was considered by Huisken in [18], again forM = Rn+1 andM0
strictly convex; he proved that (1.2) has a solution on [0,∞[, which stays convex
all time and converges to a round sphere. However, he noticed the difficulty
that the presence of averaged mean curvature in (1.2) causes in order to extend
this result to general Riemannian manifolds. In fact, Huisken illustrated this by
showing a way to obtain examples of convex hypersurfaces in the sphere Sn+1
which could lose convexity along the flow. The idea is that, if a piece M ′ of M0
is a part of a geodesic sphere of mean curvature near to 0 and far from H0, M
′
moves in the outward radial direction of M ′, soon becoming a totally geodesic
hypersurface and, after that, changing the sign of the mean curvature.
The above remark, pointed by Huisken in [18], was really inspiring for us.
First we noticed that examples like those in Sn+1 cannot happen in the Euclidean
space, because when a geodesic sphere is moving outward in the the direction of
its radius, it becomes of lower and lower normal curvature, but it never becomes
a totally geodesic submanifold. Nevertheless, the Euclidean case was already
settled by Huisken in [18].
On the other hand, we realized that a similar situation happens in the hy-
perbolic space: when a geodesic sphere moves outward in the radial direction,
its normal curvature decreases, and it becomes nearer and nearer to that of a
horosphere (see Remark (ii) below for a definition), but it never gets the curva-
ture of a horosphere. The former intuitive idea was indeed the detonating clue
which leads us to hope for a theorem like that of Huisken in [18] for the volume
preserving mean curvature flow in the hyperbolic space of a hypersurface convex
by horospheres. This paper achieves the realization of such hope by proving the
following theorem.
Theorem 1 Let Mn+1λ be the complete simply connected (n + 1)-dimensional
hyperbolic space of sectional curvature λ < 0. If M0 is a compact hypersurface
convex by horospheres, then the equation (1.2) with initial condition M0 has a
unique solution Mt such that
(a) it is defined for t ∈ [0,∞[,
(b) the hypersurfaces Mt stay smooth and convex by horospheres for all time,
(c) and the Mt’s converge exponentially (as t→∞, in the Cm topology for any
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fixed m ∈ N) to a geodesic sphere of Mn+1λ enclosing the same volume as
M0.
Next we include some remarks for a better understanding of the above state-
ment.
Remarks (i) Recall that a horosphere of Mn+1λ is a hypersurface H obtained
as the limit of a geodesic sphere of Mn+1λ when its center goes to the infinity along
a fixed geodesic ray, which is equivalent to say that H is a complete embedded
hypersurface with normal curvature
√|λ|. An horoball is the convex domain
which boundary is an horosphere.
(ii) A hypersurface M of Mn+1λ is called convex by horospheres (h-convex for
short) if it bounds a domain Ω satisfying that, for every p ∈ M = ∂Ω, there is
a horosphere H of Mn+1λ through p such that Ω is contained in the horoball of
Mn+1λ bounded by H. This H is called a supporting horosphere of Ω (and of M)
through p. One shows that a hypersurface M of Mn+1λ is h-convex if and only if
all its normal curvatures are bounded from below by
√|λ|.
(iii) Usually two immersionsXi :Mi −→M , i = 1, 2 are considered equivalent
if there is a diffeomorphism φ : M1 −→ M2 such that X1 = X2 ◦ φ. In this case,
X1 and X2 are called parametrizations of the same immersed submanifold. For
this reason, dealing with submanifolds, one says that an immersion X : M2 −→
M is in a neighborhood U of Y : M1 −→ M in the Ck-topology if there is a
diffeomorphism φ such that X ◦φ ∈ U . In Theorem 1, we use the convergence in
the Ck-topology in this sense.
(iv) Let us notice that M0 h-convex implies that it is diffeomorphic to a
sphere, and this implies that X is, in fact, an embedding.
About the techniques applied for proving Theorem 1, as in [18], we use essen-
tially maximum principles, employing also ideas used by B. Andrews ([2]) and
J. McCoy ([19]) for similar theorems in the Minkowski (normed) and Euclidean
spaces, respectively. It may seem a surprising fact that the results in [18], pub-
lished in 1987, have not been exported previously to the hyperbolic space, because
(as we remark above) they are based on a very natural idea from elementary hy-
perbolic geometry. The reason for such delay could be that the proof of Theorem
1 requires an additional ingredient: a deep knowledge and a strong use of the
geometric properties of the h-convexity described in the papers [5], [6], [7] and
[8].
Moreover, a method described in [12] is used to prove that the convergence is
exponential. This method relies on maximal regularity theory and is of indepen-
dent interest. Indeed, its strength allows us to extend statements (a) and (c) in
Theorem 1 to certain non-necessarily h-convex initial data. With more precision,
as a by-product of the proof of the exponential convergence in Theorem 1, we
shall obtain
Theorem 2 Let S be a geodesic sphere of Mn+1λ and 0 < β < 1. There exists
an ε > 0 such that, for every embedding X : M −→ Mn+1λ with h1+β-distance
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to S lower than ε, the equation (1.2) has a unique solution satisfying X0 = X,
defined on [0,∞[ and which converges exponentially to a geodesic sphere in Mn+1λ
h1+β-close to S and enclosing the same volume as X(M).
h1+β(M) denotes, for a compact manifold M, the little Hlder space of order
1 + β, that is, the closure of C∞(M) in the usual Hlder norm of C1+β(M).
In a recent paper (cf.[1]), Alikakos and Freire proved long time existence for
solutions of (1.2) and convergence to constant mean curvature hypersurfaces in
general ambient manifolds M , but with the hypotheses that the initial condition
M0 is “close enough” to a geodesic sphere ofM (althoughM0 does not need to be
convex) and the scalar curvature of M has nondegenerate critical points. It may
seem that such result includes our Theorem 2, but this is not the case because
Mn+1λ has constant scalar curvature.
The paper is organized as follows. In section 2, we establish some notation and
summarize the basic inequalities for h-convex sets which will be used all along the
proof of Theorem 1. In section 3, we shall prove that the solution Mt remains h-
convex along all time it exists. Section 4 contains the main part of the proof: the
obtaining of an universal (not depending on t) bound forHt and all its derivatives.
As a consequence of this, we get that Mt exists for t ∈ [0,∞[. Sections 5 and 6
are devoted to prove statement (c) in Theorem 1: first, we find a time sequence
{ti} such that {Mti} converges (up to isometries) to a geodesic sphere in Mn+1λ ;
later, in section 6, we conclude that the full family {Mt} converges Cm-uniformly
and at exponential rate. Finally, the proof of Theorem 2 is included in section 7.
2 Notation and preliminaries on h-convex sets
From now on, 〈·, ·〉, ∇, ∆ and grad will denote the metric, the covariant
derivative, the Laplacian and the gradient (respectively) of the ambient manifold
Mn+1λ . For ∆ (and the analog rough laplacian on tensor fields) we shall use the
following sign convention:
∆f = tr∇2f.
The corresponding operators on M will be denoted by ∇, ∆ and grad.
When λ < 0, we shall use the notation:
sλ(t) =
sinh(
√
|λ|t)√
|λ| , cλ(t) = sλ
′(t), taλ(t) =
sλ(t)
cλ(t)
, and coλ(t) =
cλ(t)
sλ(t)
.
The functions above satisfy the following computational rules:
c2λ + λ s
2
λ = 1, c4λ = c
2
λ − λ s2λ, s4λ = sλcλ. (2.1)
Given any point p in the ambient space Mn+1λ , we shall denote by rp the
function “distance to p” in Mn+1λ . Given a function f : R −→ R, f(rp) will mean
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f ◦ rp. We shall also use the notation ∂rp = grad rp. In the following lemma, we
recall some formulae involving derivatives of f(rp) that we shall apply later.
Lemma 3 ([9], [14], [20]) In Mn+1λ ,
〈∇X∂rp , Y 〉 = ∇2rp(X,Y ) =
{
0 if X = ∂rp
coλ(rp) 〈X,Y 〉 if
〈
X, ∂rp
〉
= 0
, (2.2)
∆rp = n coλ(rp). (2.3)
Moreover, if f : R −→ R is a C2 function,
∆(f(rp)) = f
′′(rp) + f
′(rp) ∆rp. (2.4)
And, for the restriction of rp to a hypersurface M of M
n+1
λ , one has
∆rp = −H
〈
N, ∂rp
〉
+ coλ(rp)
(
n − |∂⊤rp |2
)
. (2.5)
∆(f(rp)) = f
′′(rp) |∂⊤rp |2 + f ′(rp) ∆rp (2.6)
= (f ′′(rp)− f ′(rp) coλ(rp))|∂⊤rp |2
+ f ′(rp) (n coλ(rp)−H
〈
N, ∂rp
〉
).
Here ∂⊤rp is the component of ∂rp tangent to M , and it satisfies ∂
⊤
rp = grad(rp |M )
Next theorem summarizes some results contained in the quoted references.
Theorem 4 ([5], [6], [7] and [8]) Let Ω be a compact h-convex domain and let
o be the center of an inball of Ω. If ρ is the inradius of Ω and τ = taλ
ρ
2 , then
a) the maximal distance maxd(o, ∂Ω) between o and the points in ∂Ω satisfies
the inequality
maxd(o, ∂Ω) ≤ ρ+
√
|λ| ln (1 +
√
τ)2
1 + τ
< ρ+
√
|λ| ln 2.
b) For any interior point p of Ω,
〈
N, ∂rp
〉 ≥√|λ| taλ(dist(p, ∂Ω)), where dist
denotes the distance in the ambient space Mn+1λ .
Moreover, in section 5 we shall use the elementary result stated below.
Proposition 5 In the Euclidean space Rn+1, let N 6= ζ be two unit vectors. The
maximal value of the (acute) angle between a vector v in the vector hyperplane
N⊥ orthogonal to N and its projection onto the hyperplane ζ⊥ orthogonal to ζ is
attained at the vectors in the intersection line of N⊥ and the plane generated by
N and ζ.
We finish this section recalling the following consequence of the inequality
between the trace and the norm of an endomorphism that will be used through
this paper:
|∇mH|2 ≤ n |∇mL|2 for every m = 0, 1, 2, 3, ... (2.7)
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3 Preserving h-convexity
With the notations of Theorem 1, here we shall prove
Proposition 6 In Mn+1λ , if M0 is h-convex, under the volume preserving mean
curvature flow (1.2), Mt remains h-convex for all the time such that the solution
exists.
For the proof of this result, we shall use the maximum principle for symmetric
tensors as it is stated in [10], page 97. Before, we need some evolution equations.
Lemma 6.1 For an arbitrary ambient space M , the evolution equations of the
metric gt and the second fundamental form αt of a solution Mt of (1.2) are
∂gt
∂t
= 2(Ht −Ht)αt, (3.1)
∂αt
∂t
= ∆tαt − 2 Ht
〈
L2t · , ·
〉
+Ht
(〈
L2t · , ·
〉−R · Nt · Nt) (3.2)
+ (|Lt|2 +Ric(Nt, Nt))αt −Ric(· , Lt · )
−Ric(Lt · , · ) +R(Nt, Lt · , Nt, ·)
+R(Nt, · , Nt, Lt ·) + 2RiLt −∇·Ric(·, Nt)− δR · · Nt ,
where R and Ric denote, respectively, the curvature and Ricci tensors of M ,
RiLt(Z, Y ) =
∑n
i=1Rei,Z,Ltei,Y and δR =
∑n
i=1∇ei(R)ei for some local orthonor-
mal frame {ei} of Mt.
Proof Formula (3.1) follows from (1.2) by a direct computation as in [16]. Also
by this way one obtains
∂αt
∂t
= −(Ht −Ht)R · Nt ·Nt +∇2Ht + (Ht −Ht)
〈
L2t · , ·
〉
, (3.3)
and, having into account the (generalized) Simons’ formula for the rough Lapla-
cian of the second fundamental form (see, for instance, [4])
∆α = ∇2H +H 〈L2 · , · 〉− |L|2α+HRN · N · −Ric(N,N) α (3.4)
− 2 RiL+Ric(· , L · ) +Ric(L · , · )
−R(N,L · , N, · )−R(N, · , N,L · ) +∇·Ric(·, N) + δR · · N ,
we get (3.2). ⊔⊓
Proof of Proposition 6. Let us take At = αt−
√
|λ| gt. Notice that, from the
explicit expression of the curvature tensor R of Mn+1λ , the equation (3.2) becomes
∂αt
∂t
= ∆tαt + (Ht − 2Ht) αLt + (|Lt|2 − λn) αt + λ(2Ht −Ht) gt, (3.5)
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where αL is defined by αL(X,Y ) = α(LX,Y ).
From (3.1) and (3.5), we obtain
∂At
∂t
= ∆tAt +Bt, with (3.6)
Bt = (Ht − 2Ht)(αLt − λgt) +
(
|Lt|2 − λn− 2
√
|λ|(Ht −Ht)
)
αt.
Let V be a unitary null vector of At, that is, LtV =
√
|λ|V . A straightforward
computation gives
Bt(V, V ) =
√
|λ||Lt|2 + 2λHt − nλ
√
|λ|
≥
√
|λ|
n
H2t + 2λHt − nλ
√
|λ| =
√
|λ|
n
(Ht − n
√
|λ|)2 ≥ 0,
using (2.7) in the first inequality. Now, the proposition follows by the maximum
priciple for symmetric tensors quoted above. ⊔⊓
4 Long Time Existence
Along this section, we shall denote by [0, T [ the maximal interval where the
solution of (1.2) is well defined, and want to prove that T =∞.
The main point to establish long time existence is to show that |Lt| has an
uniform bound independent of t. Since we proved previously that Mt is h-convex
as long as it exists, then |Lt|2 ≤ H2t ; therefore, it is enough to show that Ht has
an upper bound independent of t. In order to achieve this, first we shall study
the evolution under (1.2) of the function
Wt =
Ht
σt − c , being σt = sλ(rp)
〈
Nt, ∂rp
〉
and c any constant. (4.1)
Before starting the way to obtain the evolution equation for Wt, we would
like to remark that σt depends on the choice of the point p. This fact will be
important later, when we write inequalities.
Let g♭t denote the metric induced on T
∗M by gt through the isomorphism
♭t : TM −→ T ∗M of lowering indices. The matrix (gij) of g♭t in some basis is the
inverse of the matrix (gij) of gt in the dual basis. Using this fact and (3.1), one
obtains
∂g♭t
∂t
= −2(H t −Ht)α♭t, (4.2)
where α♭t denotes, again, the tensor induced on T
∗M by αt through the isomor-
phism ♭t. From (3.3) and (4.2), we get
∂Ht
∂t
= ∆tHt + (|Lt|2 +Ric(Nt, Nt))(Ht −Ht), (4.3)
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which, by the expression of the curvature tensor R of Mn+1λ , becomes
∂Ht
∂t
= ∆tHt + (|Lt|2 + n λ)(Ht −Ht). (4.4)
Another standard computation (similar to that done in [16]) allows to obtain,
from (1.2), the evolution equation
∇Nt
∂t
= −grad(Ht −Ht) = gradHt. (4.5)
Now, let us note that, for any smooth function ϕ : R −→ R, a direct calcula-
tion using (2.2) and (1.2) gives
∇(ϕ(rp)∂rp)
∂t
= (Ht−Ht)
(
(ϕ′(rp)− ϕ(rp) coλ(rp))
〈
∂rp , Nt
〉
∂rp + ϕ(rp) coλ(rp) Nt
)
.
(4.6)
Taking ϕ = sλ and using (4.5), we arrive to
∂σt
∂t
= (Ht −Ht) cλ(rp) + sλ(rp)
〈
∂rp , gradHt
〉
. (4.7)
From (2.6) (with f = sλ) and (2.5), we have
∆t (sλ(rp)) = − 1
sλ(rp)
|∂⊤rp |2 − cλ(rp) Ht
〈
Nt, ∂rp
〉
+ n
cλ
2
sλ
(rp). (4.8)
Straightforward computations having into account (2.2) give〈
grad sλ(rp), grad
〈
∂rp , Nt
〉〉
(4.9)
= −cλ
2
sλ
(rp)
〈
∂rp , Nt
〉 |∂⊤rp |2 + cλ(rp) α(∂⊤rp , ∂⊤rp),
∆t
〈
∂rp , Nt
〉
=
1
sλ2(rp)
〈
∂rp , Nt
〉 |∂⊤rp |2 − n coλ2(rp) 〈∂rp , Nt〉 (4.10)
+ coλ(rp)
〈
Nt, ∂rp
〉2
Ht − 2 coλ(rp) α(∂⊤rp , ∂⊤rp)
+ 2 coλ
2(rp)
〈
Nt, ∂rp
〉 |∂⊤rp |2
+
〈
∂⊤rp , gradHt
〉
+ coλ(rp) Ht −
〈
∂rp , Nt
〉 |Lt|2.
Joining (4.8), (4.9) and (4.10), we reach
∆t σt = cλ(rp) Ht +
〈
sλ(rp) ∂rp , gradHt
〉− σt |Lt|2. (4.11)
By substitution of this expression in (4.7), we obtain the evolution equation
∂σt
∂t
= ∆tσt + |Lt|2σt + (Ht − 2 Ht) cλ(rp). (4.12)
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From (4.1), (4.4) and (4.12), it follows
∂Wt
∂t
=
1
σt − c ∆tHt +
1
σt − c (Ht −Ht) (|Lt|
2 + nλ) (4.13)
− Ht
(σt − c)2
(
∆tσt + |Lt|2σ + (H t − 2 Ht) cλ(rp)
)
.
Taking definition (4.1) as starting point, another computation leads to
∆tWt =
1
σt − c ∆tHt +
2Ht
(σt − c)3 |grad σt|
2 − Ht
(σt − c)2 ∆tσt (4.14)
− 2
〈
gradHt,
1
(σt − c)2 grad σt
〉
.
Replacing (4.14) into (4.13) and doing a few more computations, we can write
∂Wt
∂t
= ∆tWt +
2
σt − c 〈gradWt, grad σt〉 (4.15)
− Ht
σt − c (|Lt|
2 + nλ)− Wt
σt − c Ht cλ(rp) + 2 W
2
t cλ(rp)
− c
σt − c Wt |Lt|
2 + n λ Wt.
To get fine and independent of t bounds for Wt from (4.15) by application of
the maximum principle, previously we need to bound rp and
〈
Nt, ∂rp
〉
. In order
to do so, we shall use Theorem 4.
Lemma 7 Let ψ be the inverse of the function s 7→ vol(Sn)
∫ s
0
sλ(ℓ)dℓ and ξ the
inverse function of s 7→ s +
√
|λ| ln (1 +
√
taλ(
s
2 ))
2
1 + taλ(
s
2 )
. If V0 = vol(Ω0) and ρt is
the inradius of Ωt, then
ξ(ψ(V0)) ≤ ρt ≤ ψ(V0), (4.16)
for every t ∈ [0, T [.
Proof Since the flow preserves the enclosed volume, we have vol(Ωt) = V0 for all
t ∈ [0, T [. If we take spherical geodesic coordinates in Mn+1λ around a center pt
of an inball of Ωt, we can describe Mt as the graph of a function ℓ : S
n −→ R+,
and the volume of Ωt is given by
vol(Ωt) =
∫
Sn
∫ ℓ(u)
0
sλ
n(s) ds du. (4.17)
But ρt ≤ ℓ(u) ≤ maxd(pt,Mt) ≤ ρt +
√
|λ| ln
(1 +
√
taλ(
ρt
2 ))
2
1 + taλ(
ρt
2 )
(where we have
used Theorem 4 a) for the last inequality), thus the lemma follows having into
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account that ψ−1 and ξ−1 are increasing functions. ⊔⊓
An immediate consequence of the lemma above and Theorem 4 a) is
Corollary 7.1 For every t ∈ [0, T [, if p, q ∈ Ωt, then
dist(p, q) < 2(ψ(V0) +
√
|λ| ln 2). (4.18)
Now, let us continue with the task of boundingWt. First, we fix an arbitrary
t0 ∈ [0, T [. As before, ρt will denote the inradius of an inball of Ωt and pt its
center. Although pt0 does not need to be the center of an inball of Ωt when t 6= t0,
we can use Corollary 7.1 whereas pt0 ∈ Ωt to bound rpt0 (x) ≤ 2(ψ(V0)+
√
|λ| ln 2)
for every x ∈ Mt. Consequently, our next goal is to estimate a time interval
[t0, t0 + τ [ such that pt0 ∈ Ωt for t ∈ [t0, t0 + τ [. To do so, we shall compare
the motion of Mt following the equation (1.2) with the motion under (1.1) of a
geodesic sphere centered at pt0 with radius ρt0 at time t0. As a result, we shall
obtain
Lemma 8 There is τ = τ(λ, n, V0) > 0 such that B(pt0 , ρt0/2) ⊂ Ωt for every
t ∈ [t0, t0 +min{τ, T − t0}[.
Proof Let rB(t) be the radius at time t of a geodesic sphere ∂B(pt0 , rB(t))
centered at pt0 , evolving under (1.1) and with the initial condition rB(t0) = ρt0 .
From (1.1), (2.2) and the fact that the mean curvature of a geodesic sphere
centered at pt0 is ∆rpt0 , we get
∂rB(t)
∂t
= −n coλ(rB(t)), (4.19)
and the solution of this differential equation satisfying rB(t0) = ρt0 is
cλ(rB(t)) = e
λn(t−t0)cλ(ρt0). (4.20)
Then, for t ≥ t0 (and because cλ is an increasing function), rB(t) ≥ ρt0/2 if and
only if eλn(t−t0)cλ(ρt0) ≥ cλ(ρt0/2), i.e.,
rB(t) ≥ ρt0/2 if and only if t− t0 ≤
1
−λ n ln
cλ(ρt0)
cλ(ρt0/2)
and, as the function s 7→ ln cλ(s)
cλ(s/2)
is increasing, using (4.16), we have
rB(t) ≥ ρt0/2 if t− t0 ≤
1
−λ n ln
cλ(ξ(ψ(V0)))
cλ(ξ(ψ(V0))/2)
=: τ . (4.21)
For any x ∈M , let r(x, t) = rpt0 (Xt(x)). From (1.2), it follows
∂r
∂t
= (H t −Ht)
〈
Nt, ∂rpt0
〉
. (4.22)
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If ϕ : R −→ R is a function satisfying ϕ′(s) = taλ(s), and we set f(x, t) =
ϕ(r(x, t)) − ϕ(rB(t)), from (4.19) and (4.22), we obtain
∂f
∂t
= taλ(rpt0 ) (Ht −Ht)
〈
Nt, ∂rpt0
〉
+ n. (4.23)
On the other hand, from (2.6),
∆tf = ∆t(ϕ(rpt0 )) (4.24)
=
(
1
cλ2
(rpt0 )− 1
)
|∂⊤rpt0 |
2 + n−Ht taλ(rpt0 )
〈
Nt, ∂rpt0
〉
.
Now, let t1 = inf{t > t0; pt0 /∈ Ωt}. Because Ωt is h-convex,
〈
Nt, ∂rpt0
〉
≥ 0 for
t ∈ [t0, t1]. By substitution of (4.24) into (4.23), we arrive to
∂f
∂t
= ∆tf + taλ(rpt0 ) Ht
〈
Nt, ∂rpt0
〉
(4.25)
+
(
1− 1
cλ2
(rpt0 )
)
|∂⊤rpt0 |
2 ≥ ∆tf, and
f(x, t0) =ϕ(r(x, t0))− ϕ(ρt0) ≥ 0. (4.26)
Using the scalar maximum principle for parabolic inequalities (cf. [10], page 94)
gives f(x, t) ≥ 0 for t0 ≤ t ≤ t1 as long as f(x, t) is well defined. But r(x, t) is
well defined for 0 ≤ t < T , and it follows from (4.20) that rB(t) is well defined
(that is, positive) for t ∈ [t0, t0− 1λn ln(cλ(ρt0))[⊃ [t0, t0+ τ [. Then f(x, t) ≥ 0 on
[t0,min{t0 + τ, T, t1}[.
Notice that, by definition of t1, p0 ∈ Mt1 = ∂Ωt1 . If t1 < min{t0 + τ, T},
f(x, t1) ≥ 0 and B(pt0 , rB(t1)) ⊂ Ωt1 , which is a contradiction; therefore, t1 ≥
min{t0 + τ, T}, and the lemma follows. ⊔⊓
As a consequence of (4.16), Corollary 7.1 and Lemma 8, on the interval [t0, t0+
min{τ, T − t0}[, and on the hypersurface Mt
C :=
ξ(ψ(V0))
2
≤ rpt0 ≤ 2(ψ(V0) +
√
|λ| ln 2) =: D.
Moreover, having into account Theorem 4 b),
σt = sλ(rpt0 )
〈
Nt, ∂rpt0
〉
≥
√
|λ| sλ(C) taλ(C).
Then, if we take the constant c in the definition (4.1) as
c =
√
|λ| sλ(C) taλ(C)
2
,
we get σt − c ≥ c > 0.
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Let us go back to equation (4.15). From the above remark on σt − c and the
h-convexity of Mt, we have Wt ≥ 0 and Ht + nλ ≥ 0. Moreover, |Lt|2 ≥ 1nH2t .
Now we can use these inequalities in (4.15) to obtain
∂Wt
∂t
≤ ∆tWt + 2
σt − c 〈gradWt, grad σt〉+ 2 cλ(D) W
2
t −
c
σt − cWt
H2t
n
(4.27)
≤ ∆tWt + 2
σt − c 〈gradWt, grad σt〉+ 2 cλ(D) W
2
t −
c2
n
W 3t .
By other version of the scalar maximum principle (cf. [10], page 96), in the
interval [t0, t0 + min{τ, T − t0}[, Wt(x) is bounded from above by the solution
w(t) of the ordinary differential equation
w′ =
(
2cλ(D)− c
2
n
w
)
w2, with w(t0) = max
x∈M
Wt0(x).
Observing that w′(t) < 0 when w > 2ncλ(D)
c2
, it is straightforward to show that
w(t) ≤ max{w(t0), 2ncλ(D)c2 }. Thus we deduce
Wt(x) ≤ max{max
x∈M
Wt0(x),
2ncλ(D)
c2
} for every t ∈ [t0, t0 +min{τ, T − t0}[.
From the definition of Wt, the election of c and the upper bound of ρt, we
have
Ht(x) ≤ (sλ(D)− c)max{max
x∈M
Wt0(x),
2ncλ(D)
c2
}.
Since this occurs for any t0 and τ does not depend on t0, we arrive to
Ht(x) ≤ (sλ(D)− c)max{max
x∈M
W0(x),
2ncλ(D)
c2
} =: C(n, λ,M0) (4.28)
for every t ∈ [0, T [.
This implies, by the definition of Ht and the h-convexity of Mt,
Ht ≤ C(n, λ,M0) and |Lt|2 ≤ H2t ≤ C(n, λ,M0)2 (4.29)
for every t ∈ [0, T [.
From (3.2), reasoning like in [16] and [15]§13, one can deduce, for every natural
number m, the following evolution equation
∂
∂t
|∇mLt|2 =∆t|∇mLt|2 − 2|∇m+1Lt|2 + C(m,n, λ)|∇mLt|2
+
∑
i+j+k=m
∇iLt ∗ ∇jLt ∗ ∇kLt ∗ ∇mLt +Ht
∑
i+j=m
∇iLt ∗ ∇jLt ∗ ∇mLt
Then, using (4.29) and arguing in the same way as in [18] Theorem 4.1, we
conclude
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Proposition 9 For every natural number m, there is a constant Cm(n, λ,M0)
such that
|∇mLt|2 ≤ Cm(n, λ,M0) (4.30)
From (3.1), (4.28), (4.29), and (4.30), it follows (like in [16] pages 257, ff.)
that, if T < ∞, then Xt converges (as t → T , in the C∞-topology) to a unique
smooth limit XT which represents a smooth h-convex hypersurface. Now we
can apply the the short time existence theorem to continue he solution after T ,
arriving to a contradiction. In short, the proof that the solution of (1.2) is defined
on [0,∞[ (that is, the long time existence statement in Theorem 1) is finished.
5 Convergence to a geodesic sphere
Observe that, to finish the proof of Theorem 1, it remains to deal with the
issues related to the convergence of the flow. We begin this task in the present
section by proving
Proposition 10 There is a sequence of times t1 < t2 < ... < tk < ... → ∞ and
isometries ϕt1 , ϕt2 , ... , ϕtk , ... of M
n+1
λ such that ϕti(Mti) C
∞-converges to an
embedded geodesic sphere.
Proof The proof is organized in two main steps. Let us begin by showing that if
the aforementioned limit exists, it should be a hypersurface in Mn+1λ of constant
mean curvature. As Ht is invariant by the family of isometries {ϕt}, it will be
enough to prove that Ht (instead of Ht ◦ ϕt) tends to a constant as t → ∞, in
other words,
Step 1. The mean curvature Ht of the hypersurfaces Mt which evolve follow-
ing (1.2) converges to its average, that is,
lim
t→∞
sup
Mt
|Ht −Ht| = 0. (5.1)
In order to prove the above claim, we shall state a series of auxiliary results.
• ([3], p. 91) Let M be a Riemannian manifold. If a real function f on M
satisfies f ∈ L1(M), ∫M fdV = 0 and |gradf | ∈ Lr(M), then
sup
M
|f | ≤ C ||gradf ||r for every r > n. (5.2)
• ([3], p. 93) Let M be a Riemannian manifold and let p, q, r be real numbers
satisfying 1 ≤ q, r ≤ ∞ and 2
p
=
1
q
+
1
r
. Every function f ∈ C∞0 (M) satisfies
||gradf ||2p ≤ (n1/2 + |p− 2|) ||f ||q ||∇2f ||r. (5.3)
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• ([3], p. 89) Let M be a Riemannian manifold and let p, q, r, a be real
numbers satisfying 1 ≤ r < q ≤ ∞, p ∈ [r, q] and a = 1/p − 1/q
1/r − 1/q . If f ∈
Lr(M) ∩ Lq(M), then f ∈ Lp(M) and
||f ||p ≤ ||f ||ar ||f ||1−aq . (5.4)
Now we are in position to start proving (5.1).
From (3.1) and the expression of dvgt =
√
det(gtij ) du
1...dun in local coordi-
nates, a straigthforward computation gives
∂
∂t
dvgt = (Ht −Ht) Ht dvgt . (5.5)
This leads to
d
dt
vol(Mt) = −
∫
M
(Ht −Ht)2 dvgt , (5.6)
thus ∫ ∞
0
∫
M
(Ht −Ht)2 dvgt dt = lim
t→∞
(vol(M0)− vol(Mt)) ≤ vol(M0). (5.7)
On the other hand, from (5.5), (4.4), (4.30) and (2.7) it follows that
d
dt
∫
M
(Ht −Ht)2dvgt is uniformly bounded. Therefore, (5.7) implies
lim
t→∞
∫
M
(Ht −Ht)2dvgt = 0. (5.8)
Since
∫
M (Ht − Ht)dvgt = 0, Ht − Ht is smooth and M is compact, then
Ht −Ht satisfies the hypotheses required to apply (5.2); so
sup
Mt
|Ht −Ht| ≤ C||grad(Ht −Ht)||p for every p > n. (5.9)
Using (5.4), with q =∞ and r = 2, we get
sup
Mt
|Ht −Ht| ≤ C||grad(Ht −Ht)||2/p2 ||gradHt||1−2/p∞ . (5.10)
As a consequence of (2.7) and (4.30), one has the inequality
|gradHt| ≤
√
n C1. (5.11)
Moreover, if we apply (5.3) to f = (Ht −Ht), with p = q = r = 2, we have
||grad(Ht −Ht)||22 ≤ n1/2||Ht −Ht||2||∇2Ht||2 (5.12)
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Replacing (5.11) and (5.12) in (5.10), we obtain that there is a constant K
depending only on n, λ and M0 such that
sup
Mt
|Ht −Ht| ≤ K (||Ht −Ht||2 ||∇2Ht||2)1/p. (5.13)
But, using again (2.7) and (4.30), and the decrease of vol(Mt) given by (5.6),
||∇2Ht||2 =
(∫
M
|∇2Ht|2 dvgt
)1/2
≤ sup
Mt
|∇2Ht| vol(Mt)1/2 (5.14)
≤ √n sup
Mt
|∇2L| vol(M0)1/2 ≤ K1(n, λ,M0).
By (5.8), (5.13) and (5.14), we reach
sup
Mt
|Ht −Ht| ≤ K2(n, λ,M0)
(∫
M
(Ht −Ht)2 dvgt
)1/(2p)
−−−→
t→∞
0,
which finishes the proof of (5.1).
Next step is to show the existence of the convergent sequence claimed in
Proposition 10. With more precision,
Step 2. There exists a family of isometries {ϕt :Mn+1λ →Mn+1λ } such that,
if we consider the compositions ϕt◦Xt with Xt being a solution of (1.2) on [0,∞[,
then {ϕt ◦ Xt : M → Mn+1λ } is precompact in the C∞-topology. Moreover, the
limit M˜∞ is a compact embedded hypersurface of M
n+1
λ .
For each t, let us fix a center pt of an inball of Ωt, and let ϕt be an isometry of
Mn+1λ carrying pt onto p0. Obviously, each ϕt(Xt(M)) is an h-convex hypersurface
with a center of an inball at p0 and inradius ρt. Then, by Theorem 4 and (4.16),
dist(p0, ϕt ◦Xt(x)) has an upper bound independent of t and of x, i.e., the family
{ϕt ◦Xt}t≥0 is uniformly bounded.
Let us denote by Sn the unit sphere in Tp0M
n+1
λ . For each t, since ϕt(Xt(M))
is h-convex, there exists a function r˜t : S
n −→ R+ such that we can parametrice
ϕt(Mt) by a map X˜t : S
n −→ Mn+1λ satisfying
X˜t(u) = expp0 r˜t(u)u. (5.15)
Notice that r˜t(u) = rp0(X˜t(u)). For any local orthonormal frame {ei}ni=1 of Sn,
we have
X˜t∗ uei = expp0∗(eir˜t)(u) u+ expp0∗ r˜t(u) ei (5.16)
= ei(r˜t)(u)∂rp0 + sλ(r˜t(u))τsei,
where τs denotes the parallel transport along the geodesic starting from p0 in the
direction of u, and until expp0 r˜t(u)u.
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Let Nt be the outward unit normal vector to ϕt(Mt). Observe that, by (5.16),
the projection π⊥X˜t∗ei of X˜t∗ei onto the space ∂
⊥
rp0
orthogonal to ∂rp0 is sλ(r˜t)τsei.
Using Proposition 5 (with ζ = ∂rp0 and N = Nt), the angle β between X˜t∗ei and
its projection is bounded from above by the angle β0 they form in case X˜t∗ei,
∂rp0 and Nt are in the same plane. Then, in general,
sλ(r˜t) = |π⊥X˜t∗ei| = |X˜t∗ei| cos β ≥ |X˜t∗ei| cos β0 = |X˜t∗ei|
〈
Nt, ∂rp0
〉
,
so
|X˜t∗ei| ≤ sλ(r˜t)〈
N, ∂rp0
〉 < sλ(ρt +
√
|λ| ln 2)√|λ| taλ(ρt) ≤
sλ(ψ(V0) +
√
|λ| ln 2)√|λ| taλ(ξ(ψ(V0))) , (5.17)
where we have used Theorem 4 for the second inequality and (4.16) for the third
one. Moreover, it follows from (5.16) that |ei(r˜t)| ≤ |X˜t∗ei|, thus both the first
derivatives of X˜t and r˜t are bounded independently of t.
On the other hand, it is clear from the expression (5.15) for X˜t that all
the higher order derivatives of X˜t are bounded if an only if the corresponding
derivatives of r˜t are bounded. In order to see that such derivatives of r˜t are
bounded, first we compute the components αij of the second fundamental form
of ϕt(Mt) using the parametrization (5.15), that is, αij = α(X˜t∗ei, X˜t∗ej). We
shall write αij in terms of r˜t and its derivatives.
If ξ is a vector normal to ϕt(Mt) satisfying
〈
ξ, ∂rp0
〉
= sλ(rp0), we have
0 =
〈
ξ, X˜t∗ei
〉
◦ X˜t = ei(r˜t)sλ(r˜t) + sλ(r˜t) 〈τsei, ξ〉 ,
and then (without explicit writing of the suitable compositions with the map X˜t)
〈τsei, ξ〉 = −ei(r˜t), so ξ = sλ(r˜t)∂rp0 −
n∑
i=1
ei(r˜t)τsei.
Consequently, the outward unit normal vector Nt to ϕt(Mt) can be written as
Nt =
1
|ξ|
(
sλ(r˜t)∂rp0 −
n∑
i=1
ei(r˜t)τsei
)
, with (5.18)
|ξ| =
√
s2λ(r˜t) + | gradSn r˜t|2.
To compute the components αij , we use on M
n+1
λ the spherical coordinates
γ : R+ × Sn −→ Mn+1λ defined by γ(s, u) = expp0 s u. In these coordinates, for
a local orthonormal frame {E0 = ∂rp0 , E1 = τse1, ..., En = τsen} of Mn+1λ and its
dual frame {drp0 , θ1, ..., θn}, we have γ∗drp0 = ds, γ∗θi = sλei, being {e1, ..., en}
the dual frame of {e1, ..., en}. Let us denote by ∇S and gS the standard covariant
derivative and metric of Sn, respectively.
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The Cartan connection 1-forms ωj0, ω
j
i of ∇ satisfy ωj0 = −coλθj and γ∗ωji =
s
j
i , where s
j
i are the connection forms of ∇S in the frame {e1, ..., en}. Using these
facts and (5.18), after a standard computation, we reach
αij = −
〈
∇X˜t∗eiX˜t∗ej , Nt
〉
(5.19)
= − 1|ξ|
(
sλ(r˜t)∇2S r˜t − s2λ(r˜t)cλ(r˜t)gS − 2cλ(r˜t)dr˜t ⊗ dr˜t
)
(ei, ej).
Since each ϕt is an isometry of the ambient space, the second fundamental
forms of Mt and ϕt(Mt) coincide. Then, by (4.30), α and all their derivatives
are uniformly bounded and, by (5.19) and the fact that r˜t and its first order
derivatives are uniformly bounded, we have that all the derivatives of r˜t are
uniformly bounded. Thus, by the relation (5.15), all the derivatives of X˜t are
also uniformly bounded.
We are now in conditions to apply Arzel-Ascoli Theorem to conclude the
existence of sequences of maps X˜ti and r˜ti satisfying (5.15) which C
∞-converge
to smooth maps X˜∞ : S
n −→ Mn+1λ and r˜∞ : Sn −→ R+ satisfying X˜∞(u) =
expp0 r˜∞(u)u. The last equality implies that X˜∞ is an immersion and, since the
convergence is smooth and all the hypersurfaces X˜t(S
n) are h-convex, we can
assure that S = X˜∞(Sn) is h-convex. Using Remark (iii) in the Introduction, we
say that ϕti(Mti) converges to S as ti →∞.
Finally, by Step 1, S must be a compact embedded hypersurface in Mn+1λ of
constant mean curvature, that is, a geodesic sphere of Mn+1λ . This finishes the
proof of Proposition 10. ⊔⊓
6 Exponential convergence
In order to complete the proof of statement (c) in Theorem 1, our next goal
is to show that the Mt’s converge to some limit M∞ exponentially. First, let us
fix an instant tk ∈ [0,∞[. We can parametrice Mt, with t ≥ tk, by
Xt(x) = expptk
r(t, u(t, x))u(t, x), (6.1)
where u(t, x) =
exp−1ptk
Xt(x)
rptk (Xt(x))
and r(t, u(t, x)) = rptk (Xt(x)). At least for t near
to tk, we have ptk ∈ Ωt, and so the map ut : M −→ Sn ⊂ TptkM
n+1
λ defined by
ut(x) = u(t, x) is a diffeomorphism.
Observe that the map
X t(x) = expptk
r(t, u(tk, x)) u(tk, x) (6.2)
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is another parametrization of Mt. In fact, writing φt = u
−1
tk
◦ ut : M −→ M , we
see that X t ◦ φt = Xt, i.e., the motions Xt and X t differ only by a tangential
diffeomorphism φt. Moreover,
∂Xt
∂t
=
∂X t
∂t
◦ φt +X t∗ ∂φt
∂t
. (6.3)
Therefore, if Xt is a solution of (1.2), X t satisfies the equation〈
∂X t
∂t
,Nt
〉
= (Ht −Ht). (6.4)
Conversely, it is well known (see, for instance, [11]) that (6.4) is equivalent to
(1.2) (by tangential diffeomorphisms).
With the aim of applying some methods from [12], it is convenient to write
(6.4) as an equation for the function r(t, · ). Previously, to simplify the notation,
we shall compose with the diffeomorphism u−1tk in order to consider Xt as a map
from Sn (instead of M) into Mn+1λ , i.e.,
X t(u) = expptk
r(t, u) u for every u ∈ Sn. (6.5)
For any local orthonormal frame {ei} of Sn, a basis of the tangent space to
Mt is given by {e˜i = X t∗ei}. In this basis, the outward unit normal vector Nt to
Mt and the second fundamental form αt are given by the expressions (5.18) and
(5.19), respectively (with the obvious change of r˜t by r(t, ·)).
From (6.4), (6.5) and (5.18), we obtain
∂r
∂t
= s−1λ (r)(H t −Ht)
√
s2λ(r) + | gradSn r|2 (6.6)
On the other hand, the components of the metric gt in the basis {e˜i} are
gij = ei(r)ej(r) + s
2
λ(r)δij
From this, using an elementary algebraic result, we can express the components
of the inverse metric as
gij =
1
s2λ(r)
(
δij − 1|ξ|2 ei(r)ej(r)
)
, (6.7)
Then, joining (6.7) and (5.19), we get
Ht =−
s−1λ (r)
|ξ|
(
∆Sr − 1|ξ|2∇
2
Sr(gradSnr, gradSnr)
)
(6.8)
+
cλ(r)
|ξ|
(
n+
| gradSn r|2
|ξ|2
)
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Finally, substituting (6.8) in (6.6), we can write
∂r
∂t
=s−2λ (r)
(
∆Sr − 1|ξ|2∇
2
Sr(gradSnr, gradSnr)
)
(6.9)
− coλ(r)
(
n+
| gradSn r|2
|ξ|2
)
+ s−1λ (r)Ht|ξ|.
Observe that equation (6.9) coincides with equation (2.1) in [12] when we
change sλ(r) by r and cλ(r) by 1. Therefore, (6.9) satisfies all the conditions
which allow to apply (vii) in [12], and conclude
Proposition 11 Given m ∈ N and a constant s > 0, there exists ω > 0 and a
neighborhood V of s in h1+β(Sn) such that for each initial condition r0 ∈ V
(a) The solution r(t, · ) of (6.9) satisfying r(0, · ) = r0(· ) exists on [0,∞[, and
(b) there exist c = c(m,ω) > 0, T = T (m,ω) > 0, a unique function ρ˜ (in a
space of functions Mc called center manifold) and K = K(r0, c, ρ˜) such that
‖r(t, · ) − ρ˜(· )‖Cm ≤ K e−ωt
for t > T .
Now we are in position to finish the proof of the exponential convergence of
Mt to a geodesic sphere. Indeed,
Proof of (c), Theorem 1 Let us apply Proposition 10 to take tk big
enough so that ϕtk(Mtk) is near to the limit geodesic sphere S of radius r. As ϕtk
is an isometry of Mn+1λ , we have that Mtk is close to the geodesic sphere ϕ
−1
tk
(S)
of radius r. Thus, using spherical geodesic coordinates, we can assure that rptk
belongs to a small neighborhood V of the constant function r in h1+β(Sn).
So, applying Proposition 11 with initial condition rptk , we can conclude that
the solution r(t, · ) of (6.9) starting at rptk is defined on [0,∞[ and converges
exponentially to a unique function ρ˜. This implies that Xt(u) = expptk
r(t, u)u
solves (6.4) and converges exponentially to u 7→ expptk ρ˜(u)u. Therefore, the
reparametrization Xt of X t given by (6.1) has the same convergence properties;
in addition, it is a solution of (1.2) starting at rptk , and, by uniqueness, Xt
coincides on [tk,∞[ with the solution of (1.2) given by part (b) of Theorem 1.
On the other hand, Step 1 in the proof of Proposition 10 says that the mean
curvature Ht of the hypersurfaces Xt(M) tends to a constant value as t→∞. In
conclusion, the only possibility is that expptk
ρ˜(u)u represents a geodesic sphere
in Mn+1λ and, by the volume-preserving properties of the flow, such sphere has
to enclose the same volume as the initial condition X0(M). ⊔⊓
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7 A result for certain non-necessarily h-convex initial
data
A remarkable fact is that in the last section we have not used all the strength
of the results on the existence and exponential attractivity of the center manifold
Mc. It is precisely this additional power which allows us to extend the claims
about long time existence and convergence of Theorem 1 to certain non h-convex
initial data; in particular, those sufficiently close to a geodesic sphere of Mn+1λ .
Notice that, if we begin the flow with a non h-convex hypersurface M0 ⊂
Mn+1λ , we cannot establish the convergence of a sequence {Mti} up to isometries
(like in Proposition 10), because the properties of h-convexity are strongly used
to find t-independent bounds for the second fundamental form (together with all
its derivatives) of the hypersurfaces Mt evolving under the flow, and recall that
these bounds are the key to prove (5.1).
In spite of this, it is not difficult to overcome the absence of h-convexity since
we are just in the same situation as in [12] (see also [13] for a full understanding of
[12]). The only point which need to be checked again in our particular situation
is the equality between the center manifold Mc (cf. [12] for its definition) and
the equilibria M of (6.9) in some small neighborhood, as it is obvious that M
is different in equations (6.9) and [12] (2.1). Next we are going to check this
identity.
Proposition 12 Let S be a geodesic sphere of Mn+1λ of radius rS and center pS .
There is a neighborhood O of r
S
in which M coincides with an open set of the
local center manifold Mc for the equation (6.9).
Proof Let us begin by observing that the construction of Mc as a center
manifold for (6.9) is identical to that for the equation (2.1) in [12]. Therefore,Mc
is a (n+2)-dimensional manifold tangent to {1}⊕H1, where {1} denotes the space
of constant functions on Sn and H1 is the space of eigenfunctions corresponding
to the first nonzero eigenvalue of ∆S.
On the other hand, M is the space of functions ρ : Sn −→ R+ such that
expp
S
ρ(u)u parametrices a constant mean curvature hypersurface of Mn+1λ , that
is, a geodesic sphere of Mn+1λ . Then, in a small neighborhood of rS
Uε = {r ∈ C∞(Sn) : ||r − rS ||h1+β < ε}, (7.1)
M can be parametrized by (z0, z) ∈ Rn+2 ≡ R⊕Tp
S
Mn+1λ , being z0+rS the radius
of a geodesic sphere Sz and z = (z1, ..., zn+1) the normal coordinates (centered
at p
S
) of its center.
The function ρz : S
n −→ R+ which represents the geodesic sphere Sz has to
satisfy r
S
+ z0 = dist(expp
S
ρz(u)u, expp
S
z). Using hyperbolic trigonometry, we
can write this equality under the form
cλ(rS + z0) = cλ(ρz(u))cλ(|z|) + λ sλ(ρz(u))
sλ(|z|)
|z| 〈u, z〉 . (7.2)
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Thus, by implicit differentiation of (7.2), we obtain, at (z0, z) = (0, 0) ∈ Rn+2,
∂ρz
∂z0
∣∣∣∣
(0,0)
(u) = 1,
∂ρz
∂zi
∣∣∣∣
(0,0)
(u) = ui. (7.3)
Since {1, u1, . . . , un+1} is a basis of {1} ⊕ H1, the differential of the function
ρ : (z0, z) 7→ ρz at (0, 0) is an isomorphism between Rn+2 and {1} ⊕ H1. From
now on, the equality M = Mc in a neighborhood O of r
S
follows like in (vi) of
[12]. ⊔⊓
Remark 1 Arguing as in (vii) of [12], we can conclude that, given m ∈ N, there
exists ω > 0 and ε > 0 such that for each initial condition r0 ∈ Uε, where Uε
is defined by (7.1), it follows the statement (a) in Proposition 11. Moreover,
as in part (b) of the same proposition, we can find constants c = c(m,ω) > 0,
T = T (m,ω) > 0, and a unique ρ˜ ∈ O∩Mc, depending only on r0, and satisfying
‖r(t, · ) − ρ˜(· )‖Cm ≤ K(r0, c, ρ˜) e−ωt for all t > T.
But applying Proposition 12, we know that Mc ∩ O = M; so we can find
a unique (z0, z) ∈ ρ−1(O) such that expp
S
ρ˜(u)u represents a geodesic sphere of
Mn+1λ with center z and radius rS + z0.
Thanks to Proposition 12, we are in position to prove Theorem 2.
Proof of Theorem 2
Let S = ∂B(p
S
, r
S
) be a geodesic sphere in Mn+1λ and m ∈ N. By Remark 1,
we can find an ε > 0 and a neighborhood Uε, defined as in (7.1), satisfying the
property detailed in Remark 1.
Now consider any arbitrary embedding X :M →Mn+1λ which h1+β-distance
to S is less than ε; in other words, taking spherical coordinates centered at p
S
,
the radial distance r(· ) = dist(p
S
,X(· )) of X(M) belongs to the neighborhood
Uε.
Therefore, Remark 1 assures that the solution rt(· ) of (6.9) starting at r ex-
ists on [0,∞[ and Xt(u) = expp
S
rt(u)u converges, as t→∞, to a geodesic sphere
in Mn+1λ . Finally, noticing that Xt is a solution of (6.4), Theorem 2 follows. ⊔⊓
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